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Chapter 1

Spatial beam structures
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1.1 Beam axis and cross section definition

A Dbasic necessary condition for identifying a deformable body as a
beam — and hence applying the associated framework — is that its
centroidal curve be at least loosely recognizable.

Once such centroidal line has been roughly defined, locally perpen-
dicular planes may be derived whose intersection with the body itself
defines the local beam cross section.

Then, the G center of gravity position may be computed for each
of the local cross sections, leading to_a refined, potentially iterative
definition for the beam centroidal axisH.

A local cross-sectional reference system may be defined by aligning
the normal z axis with the beam centroidal curve, and by employing,
as the first in-section axis, namely x, the projection of a given global
v vector, which is assumed not to be parallel to the beam axis.

The second in-section axis y may be then derived, in order to obtain
a Gzyz right-handed coordinate system, whose unit vectors are 7, J, k.

If a thin walled profile is considered in place of a solid cross sec-
tion member — i.e., the section wall midplane is recognizable too (see
paragraph XXX), then a curvilinear coordinate 0 < s < [ may be de-
fined that spans the in-cross-section wall midplane, along with a local
through-wall-thickness coordinate —t(s)/2 < r < +t(s)/2.

Such s, 7, in-section coordinates based on the profile wall may be
employed in place of their cartesian x,y counterparts, if favourable.

Beam axis may be discontinuous at sudden body geometry changes;
a rigid body connection is ideally assumed to restrict the relative mo-
tion of the proximal segments. Such rigid joint modeling may be ex-
tended to more complex n-way joints; if the joint finite stiffness is to
be taken into account, it has to be described through the entries of a
rank 6(n — 1) symmetric square matrix 8.

At joints or beam axis angular points the cylindrical bodies swept
by the cross sections do usually overlap, besides they only loosely mimic
the actual deformable body geometry; the results obtained through
the local application of the elementary beam theory may at most be

Here, centroidal curve, centroidal line, centroidal axis, or simply beam axis are
treated as synonyms.
2i.e., joint stiffness is unfortunately not a scalar value.



“dispensa_ 2018 master” — 2018/4/5 — 13:55 — page 3 — #3

Figure 1.1: A beam structure.

employed to scale the triaxial local stress/strain ﬁeldsE, which have to
be evaluated resorting to more complex modelings.

1.1.1 A worked example
See Figure E! TODO.

1.2 Cross-sectional resultants for the spatial beam

At any point along the axis the beam may be notionally split, thus
obtaining two facing cross sections, whose interaction is limited to three
components of interfacial stresses, namely the axial normal stress o,
and the two shear components 7, ., 7, .

Three force resultant components may be defined by integration
along the cross section area, namely the normal force, the y- and the

3The peak stress values obtained through the elementary beam theory may be
profitably employed as nominal stresses within the stress concentration effect frame-
work.
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x- oriented shear forces, respectively defined as

N:/Uzzd./l

A

Sy:/Tysz
A

Sy :/szd./l
A

Three moment resultant components may be similarly defined, namely
the z- and y- oriented bending moments, and the torsional moment.
However, if the centroid is the preferred fulcrum for evaluating the
bending moments, the below discussed C' shear center is employed for
evaluating the torsional moment. We hence define

2, = [ o.vdd
A
M, =— / o, xdA
A

Mt EMZ :/ [Tyz(x_xC)_szQ/_yC)] dA
A

The applied vector associated to the normal force component (G, N k)
is located at the section center of gravity , whereas the shear force
(C,S, 1+ Syj) is supposed to act at the shear center; such convention
decouples the energy contribution of force and moment components for
the straight beam.

Cross section resultants may be obtained, based on equilibrium for
a statically determinate structure. The ordinary procedure consists in

e mnotionally splitting the structure at the cross section whose re-
sultants are under scrutiny;

« isolating a portion of the structure that ends at the cut, whose
locally applied loads are all known; the structure has to be pre-
liminarily solved for the all the constraint reactions that act on
the isolated portion;

e setting the equilibrium equations for the isolated substructure,
according to which the cross-sectional resultants are in equilib-
rium with whole loading.
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1.3 Axial load and uniform bending

It is preliminarily noted that the elementary extensional-flexural solu-
tion is exact with respect to the Theory of Elasticity if the following
conditions hold:

e beam constant section;

e beam rectilinear axis;

« absence of locally applied loads;

« absence of shear resultantsh (i.e. constant bending moments);

e principal material directions of orthotropy are uniform along the
section, and one of them is aligned with the beam axis;

o the v3; and the v3, Poisson’s ratios!l are constant along the sec-
tion, where 3 means the principal direction of orthotropy aligned
with the axis. Please note that F,;v;;, = F,v,;, and hence v;; #
v, ; for a generally orthotropic material.

Most of the above conditions are in fact violated in many textbook
structural calculations, thus suggesting that the elementary beam the-
ory is robust enough to be adapted to practical applications, i.e. limited
error is expected if some laxity is used in circumscribing its scopet.

The extensional-flexural solution builds on the basis of the following
simplifying assumptions:

e the in—planeﬂ stress components o, are null;

70y7 sz

e the out-of-plane shear stresses 7,

yz1 Tzg are also null;

4A locally pure shear solution may be in fact superposed; such solution may
however not be available for a general cross section.

5We recall that v,; is the Poisson’s ratio that corresponds to a contraction in
direction j, being a unitary extension applied in direction % in a manner that the
elastic body is subject to a uniaxial stress state.

6Measures for both the error and the violation have to be supplied first in order
to quantify the approximation.

"Both the in-plane and the out-of-plane expressions for the characterization of
the stress/strain components refer to the cross sectional plane.
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o the axial elongation €, linearly varies along the cross section,
namely
€, =a-+bxr+cy (1.1)

or, equivalentlya, each cross section is assumed to remain planar
in the deformed configuration.

The three general constants a, b and ¢ possess a physical meaning;
in particular a represents the axial elongation € as measured at the
centroid¥, ¢ represents the 1/p, curvature®= whereas b represent the
1/ p, curvature, apart from its sign.

Figure (c) justifies the equality relation ¢ = 1/p,; the beam
axial fibers with a Az initial length are elongated by the curvature up
to a A (p, +vy) deformed length, where Afp, equates Az based on
the length of the unextended fibre at the centroid. By evaluating the
axial strain value for a general fiber, it follows that e, = 1/p, y.

In addition, Figureb (c) relates the 1/p, curvature to the dis-
placement component in the local y direction, namely v, and to the
section rotation angle with respect to the local x axis, namely 6, thus
obtaining )

ia:i, 9:_@’ dv_ 1 (1.2)
dz  p, dz' dz? Do
Following analogous considerations, see @ (e), we may similarly

obtain )
d 1 du d=u 1
7(25:77 ¢:+7, 72 :—1—7 (1.3)
dz Py dz dz Py
where ¢ is the cross section rotation about the local y axis, and w is
the = displacement component.
According to the assumptions in the preamble, a uniaxial stress
state is assumed, where the only nonzero o, stress component may be

determined as

_ 1 1
o,=F,=E, (e ——x+ y) (1.4)
Py Pa
8The axial, out-of-plane displacement Aw = ;l e, dz = A (a+ bz + cy) ac-

cumulated between two contiguous cross sections with an Al initial distance, is
consistent with that of a relative rigid body motion.
9or, equivalently, the average elongation along the section, in an integral sense.
Onamely the inverse of the beam curvature radii as observed with a line of sight
aligned with the x axis. Curvature is assumed positive if the associated 8 section
rotation grows with increasing z, i.e. df/dz > 0.
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Figure 1.2: A differential fibre elongation proportional to the y coor-
dinate induces a curvature 1/p, on the normal plane with respect to
the z axis. A differential fibre contraction proportional to the x coor-
dinate induces a curvature 1/ py on the normal plane with respect to
the y axis. The didascalic trapezoidal deformation modes (b) and (e)
clearly associate the differential elongation/contraction with the posi-
tive relative end rotation; they are however affected by a spurious shear
deformation as evidenced by the skewed corner.
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Figure 1.3: Positive  and y bending moment components adopt the
same direction of the associated local axes at the beam segment end
showing an outward-oriented arclength coordinate axis; at beam seg-
ment ends characterized by an inward-oriented local z axis, the same
positive bending moment components are locally counter-oriented to
the respective axes.

Stress resultants may easily be evaluated based on Fig. @ as

N = // E. e, dA = FEA¢ (1.5)
A

— 1 — 1
M, = // E.e.ydA=EJ,,— —EJ,,— (1.6)
v P Py
— 1 — 1
M, =~ [| E.eovdA=-EJ,,— +EJ,,— (1.7)
A pw loy
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where the combined material/cross-section stiffness moduli

FA= // (z,y)d (1.8)

EJ,, = / E (z,y)yydA (1.9)
EJ,, :/ E (z,y)yx dA (1.10)
A
:/ E (z,y)zzdA (1.11)
A

may also be rationalized as the cross section area and moment of in-
ertia, respectively, multiplied by a suitably averaged Young modulus,
evaluated in the axial direction.

Those moduli simplify to their usual £, A, E_J,, analogues, where
the influence of the material and of the geometry are separated if the
former is homogeneous along the beam cross section.

From Eqn. we obtain

N
= —. (1.12)
EA

By concurrently solving Eqns. @ and @ with respect to the 1/p,,
and 1/p, curvatures, we obtain

1 M,EJ,, +M/E],,

— = 5 (1.13)
Pz EJ,,EJ,, —FEJ,,

1 M,EJ,, +M,EJ,,

— = Y Y (1.14)

by EJ,,EJ,, —EJ°,

Axial strain and stress components may then be obtained for any
cross section point by substituting the above calculated generalized
strain components €, 1/p,, and 1/p,, holding for the extensional-flexural

beam into Eqn. , thus obtaining
o,=FE,e, (1.15)
=aM, + M, +yN (1.16)
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where
— —Ein r+EJ
o (2, B, BT,,) = B (x,y) ——y" = " vy (1.17)
EJ,,EJ,,—FEJ,,
— —EimeCL'—{—EiJw Y
B(z,y,E,,EJ,,)=E,(z,y) ——=— JQ (1.18)
EJ,.EJ,, —EJ,,
— 1
SU, ,EZ7EA :EZ ﬂf, fr— ].19
v (z,y ) (@ y) == (1.19)

The peak axial strain is obtained at points farther from neutral axis
of the stretched section; such neutral axis may be graphically defined
as follows:

e the coordinate pair

= 2 = 2
e e
(TN, YN) = ( Poly Pely ) ;

pz +py PR tpg
defines its nearest pass-through point with respect to the G cen-
troid; the two points coincide in the case € = 0.

e its orientation is defined by the unit vector

. 1 1
v e’ Py

whereas the direction

. ST 1 1
n, = p2+p2 (_7> )
R N Sy
is orthogonal to the neutral axis, and oriented towards growing
axial elongations.

The cross section projection on the (IV, 7 ) line defines a segment whose
ends are extremal with respect to the axial strain.

If the bending moment and the curvature component vectors are
imposed to be parallel, i.e.

)\[Mm]— pl% = — 71 — [Ejyy E‘]wy} {Mz]
Myl o] ET,ET,, —EJy, Eley Bl M,

10
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an eigenpair problem is defined that leads to the definition of the
principal directions for the cross sectional bending stiffness. In par-
ticolar, the eigenvectors of the [E.J] matrix define the two principal
bending stiffness directions, and the associated EJ;q, EJq5 eigenval-
ues constitute the associated bending stiffness moduli.

TODO: please elaborate...

11
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1.4 Stresses due to the shear cross section re-
sultants

In the presence of nonzero shear resultants, the bending moment ex-
hibits a linear variation with the axial coordinate z in a straight beam.
Based on the beam segment equilibrium we have
am
Y= dﬁm, S, =— dzy, (1.21)

as rationalized in Fig. XXX (a), with Az — 0 and M, M, differen-
tiable with respect to z.

The linear variation of the bending-induced curvature in z causes
a likewise linear variation of the pointwise axial strain; stress variation
is also linear in the case of constant E, longitudinal elastic modulus.

In particular, the differentiation with respect to z of o, as espressed
in Eqn. returns

d;; =a(z,y,E.,EJ,,)S, — B (2,4, E.,EJ,,) S, (1.22)

since its «, 8,y factors are constant with respect to z; the bending
moment derivatives are here expressed in terms of the shear resultants,
as in Eqns.

Figure rationalizes the axial equilibrium for an elementary vol-
ume of material; we have

214, =0 (1.23)

where, for the specific case, the distributed volumetric load ¢, is zero.

It clearly emerges from such relation that the shear stresses 7,7, .,
that were null within the uniform bending framework, are non-uniform
along the section — and hence not constantly zero — in the presence of
shear resultants.

A treatise on the pointwise solution of a) the equilibrium equations
, once coupled with b) the compatibility conditions and with c)
the the material elastic response, is beyond the scope of the present

contribution, although it has been derived for selected cross sections in
e.g. [1.

12
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(Tealp + %=2|, dz) dydz
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Figure 1.4: Equilibrium conditions with respect to the axial z transla-
tion for the infinitesimal volume extracted from the beam. In the case
under scrutiny, the distributed volume action ¢, is null.

1.4.1 The Jourawsky approach and its extension for a
general section

The aforementioned axial equilibrium condition, whose treatise is cum-
bersome for the infinitesimal volume, may be more conveniently dealt
with if a finite portion of the beam segment is taken into account, as
in Figure [L.5.

A beam segment is considered whose axial extent is dz; the beam
cross section is partitioned based on a (possibly curve, see Fig. )
line that isolates an area portion A* — and the related beam segment
portion — for further scrutiny; axial equilibrium equation may then be
stated for the isolated beam segment portion as follows

Tai =/ dUZdA, (1.24)
A dz
where .
T,i=— /Tm-dr (1.25)
tJ,

is the average shear stress acting in the z direction along the cutting
surface; i is the (locally normal) inward direction with respect to such

13
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M, + dM,
M, + dM,

Figure 1.5: Equilibrium conditions for the isolated beam segment por-
tion. It is noted that the null o, variation locus, do, = 0, does not
coincide with the bending neutral axis in general. Also, the depicted
linear variation of do, with the D distance from such null do, locus
does not hold in the case of non-uniform £, modulus.

Figure 1.6: The curve employed for isolating the beam segment portion
defines the direction of the 7,, components whose average value is
evaluated.

14
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a surface. Due to the reciprocal nature of the shear stresses, the same
T,; shear stress acts along the cross sectional plane, and locally at the
cutting curve itself. These shear actions are assumed positive if inward
directed with respect to A*.

The 7_,;t product is named shear flow, and may be evaluated along
a general cutting curve.

It is noted that, according to Eqn. , no information is pro-
vided with regard to a) the 7,, shear stress that acts parallel to the
cutting curve, nor b) the pointwise variation of 7, with respect of
its average value 7,,. If the resorting to more cumbersome calculation
frameworks is not an option, those quantities are usually just neglected;
an informed choice for the cutting curve is thus critical for a reliable
application of the method.

In the simplified case of a) uniform material and b) local z,y axes
that are principal axes of inertia (i.e. J,, = 0), the usual formula is
obtained

S —*A* —*A*
Tt = / (yy + x5x> diA=Y"g +2T g (1.26)
A*

J J J, J v

where y*A* and z*A* are the first order area moments of the A* section
portion with respect to the x and y axes, respectively=.

1.4.2 Shear induced stresses in an open section, thin
walled beam

In the case of thin walled profiles, the integral along the isolated area in
Eqn. M may be performed with respect to the arclength coordinate
alone; the value the do,/dz integrand assumes at the wall midplane is
supposed representative of its integral average along the wall thickness,
thus obtaining

“d
’T_zit:/ Y= (1.27)
o dz

Such assumed equivalence strictly holds for a) straight wall seg-
mentst and b) a linear variation of the integrand along the wall, a

1 According to the employed notation, (z*, §*) are the centre of gravity coordi-
nates for the A* area.
12j e. the Jacobian of the (s,7) — (x,y) mapping is constant with 7.

15
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condition, the latter, that holds if the material properties are homoge-
neous with respect to the wall midplane®!; in the more general case, the
error incurred by this approach vanishes with vanishing thickness for
what concerns assumption a), whereas an average E_ modulus may be
employed in place of the pointwise E/, midplane value if the material
is inhomogeneous.

If a thin walled section segment is considered such that it is not
possible to infer that the interfacial shear stress is zero at at least
one of its extremities, a further term needs to be considered for the
equilibrium, thus obtaining

S do

malotls) = [T+ 7 0t (1.28)

In the case of open thin walled profiles, however, such a choice for the
isolated section portion is suboptimal, unless the 7,,;(a)t(a) term is
known.

1.4.3 Shear induced stresses in an closed section, thin
walled beam

In the case of a closed thin walled, asymmetric section, the search for
a point along the wall at which the shear flow may be assumed zero is
generally not_viable, and the employment of Eq. in place of the
simpler Eq. is unavoidable.

In this case, a parametric value for the 7, .t shear stress flow is
assumed for a set of points along the cross section midcurve — one
for each elementary closed loop= if the points are non-redundantly
chosenk.

In the multicellular cross section example shown in Figure @, two
elementary loops are detected; shear flows at the A, B points are para-
metrically defined as 74t 4 and 7zt , respectively.

13a linear de_/dz axial strain variation is in fact associated to the curvature
variation in z, and not an axial stress variation;

i e. a closed loop not enclosing any other closed loop.

5Redundancy may be pointed out by ideally cutting the cross section at these
points: if a monolithic open cross section is obtained, the point choice is not redun-
dant; if a portion of the section is completely isolated, and a loop remains closed,
the location of these points causes redundancy.

16
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Figure 1.7: XXX.

The 7, shear stress for each point along the profile wall may then
be determined based on Eqn. as a function a) of the shear resultant
components S, and S, , and b) of the parametrically defined shear
stress flows at the A,B points.

Due to the assumed linear response for the profile, superposition
principle may be employed in isolating the four elementary contribu-
tions to the shear stress flow along the section.

The first two elementary contributions 7,,,(s) and 7., (s) are respec-
tively due to the action alone of the z and y shear force components,
whose magnitude is assumed equal the product of the stress unit (e.g.
1 MPa) and of the cross sectional area. Those forces are assumed to act
in the ideal absence of shear flow at points where the latter is assumed
as a parameter (points A and B in Figure [L.7).

Since the condition of zero shear flow is stress-compatible with an
opening in the closed section loop, the cross section may be idealized
as severed at the assumed shear flow points, and hence open. The
equilibrium-based solution procedure derived for the open thin-walled
section may hence be profitably applied.

A family of further elementary contributions, one for each of the
assumed shear flow points, may be derived by imposing zero parametric
shear flow at all the points but the one under scrutiny, and in the

17
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absence of externally applied shear resultants. The elastic problem may
be rationalized as an open — initially closed, then ideally severed — thin
walled profile, that is loaded by an internal constraint action whose
magnitude is unity in terms of stresses. Equilibrium considerations
reduce to the conservation of the shear flow due to the absence of
do ,/dz differential axial stress, as in the case of a closed profile under
torsion discussed below.

Figures @ (a) and (b) show the shear stress contributions 7., (s)
and 7,5(s) induced in the ideally opened (i.e. zero redundant shear
flows at the A,B points) multicellar profile by the first and the second
shear force components, respectively; due to the author distraction,
such figure refers to shear components aligned with the principal di-
rections of bending stiffness, and not to the usual x,y axes.

Figures @ (c) and (d) show the shear stress contributions 7, 4 (s)
and 7, 5(s) associated to unity values for the parametric shear flows at
the A, B segmentation points, respectively.

The cumulative shear stress distribution for the section in Figure

is

7(s) = 517.1(8) + S27.2(8) + TaT. a(8) + TT.5(5) (1.29)

where s is a suitable arclength coordinate.
The associated elastic potential energy may then be integrated over
a Az beam axial portion, thus obtaining

2
AU = /GtAzds (1.30)

Sz

According to the Castigliano second theorem, the AU derivative
with respect to the 7; assumed shear stress value at the i-th segmenta-
tion point equates the generalized displacement with respect to which
the internal constraint reaction works, i.e. the tAzd, integral of the
relative longitudinal displacement between the cut surfaces; we hence

have
OAU

oT;

= §;tAz (1.31)

The 52 symbol refers to the average value along the tAz area of
such axial relative displacement.

18
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Material continility requires zero §; value at each segmentation
point, thus defining a set of equations, one for each 7, unknown param-
eter, whose solution leads to the definition of the actual shear stress
distribution along the closed wall profile.

19
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1.5 Shear stresses due to the St. Venant tor-
sion

The classical solution for the rectilinear beam subject to uniform tor-
sion predicts a displacement field that is composed by the superposition
of a) a rigid, in-plane® cross section rotation about the shear centre,
named twist, of uniform axial rate, and b) an out-of-plane warping
displacement that is uniform in the axial direction, whereas it varies
within the section; such warping displacement is zero in the case of ax-
isymmetric sections only (e.g. solid and hollow circular cross sections).

The in-plane stress components o, 0, 7., are assumed zero, along
with the normal stress o,. The motion is internally restricted only due
to the nonzero out-of-plane shear stresses 7, , and 7, that develop as
an elastic reaction to the associated strain components.

A more in-depth treatise of the topic involves the solution of an
plane, inhomogeneous Laplace differential equation with essential con-
ditions imposed at the cross section boundary, which is beyond the
scope of the present contribution.

However, in the case of open- and closed- section, thin walled
beams, simplified solutions are available based on the assumptions that
a) the out-of-plane shear stresses are locally aligned to the wall midsur-
face - i.e. 7,,. = 0 leaving 7, as the only nonzero stress component®!,
and b) the residual 7, shear component is either constant by moving
through the wall thickness (closed section case), or it linearly varies
with the through-thickness coordinate r.

1.5.1 Solid section beam

TODO.

1.5.2 Closed section, thin walled beam

The 7., component is assumed uniform along the wall thickness, or,
equivalently, its deviation from the average value is neglected in cal-
culations.

16the rotation vector is actually normal to the cross sectional plane; the in-plane
motion characterization refers to the associated displacement field.

"Here, the notation introduced in paragraph XXX for the thin walled section is
employed.

20
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Figure 1.8: Axial equilibrium for a portion of profile wall, in the case
of a closed, thin-walled profile subject to torsion.

In the case the material is non-uniform across the thickness, the
v, shear strain is assumed uniform, whereas the 7., varies with the
varying G, shear modulus.

In the absence of o, the axial equilibrium of a portion of beam
segment dictates that the shear flow ¢7 remains constant along the
wall, i.e.

117 = 157y

as depicted in Figure @
By skipping some further interesting observations (TODO) we may
just introduce the Bredt formula for the cross-section torsional stiffness

4 2
K, = ad4” (1.32)

$ Ldl
which is valid for single-celled, closed thin wall sections.
The peak stress is located at thinnest point along the wall, and
equals

= 1.

Multi-celled beam profile? TODO.

21
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1.5.3 Open section, thin walled beam

The shear strain component v, is assumed linearly varying across the
thickness; if the G, shear modulus is assumed uniform, such linear
variation characterizes the 7, stress components too.
The average value along the thickness of the 7, stress component
is zero, as zero is the shear flow as defined in the previous paragraph.
For thin enough open sections of uniform and isotropic material we
have

1
Ky~ / t3(s)ds (1.34)
3Jo

If the thin-walled cross section may be described as a sequence of
constant thickness wall segments, the simplified formula

1
Kr~3 > 1t (1.35)
[

is obtained where ¢, and [, are respectively the length and the thickness
of each segment.

The peak value for the 7, stress component is observed in corre-
spondence to thickest wall section point and it equates

M.t
Tmax = 7[(‘;“ (1.36)

By applying the reported formulas to a rectangular section whose
span length is ten times the wall thickness, the torsional stiffness is
overestimated by slightly less than 7%; a similar relative error is re-
ported in terms of shear stress underestimation.

22
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1.6 Castigliano’s second theorem and its appli-
cations

Castigliano’s second theorem may be employed for calculating deflec-
tions and rotations, and it states:

If the strain energy of an elastic structure can be expressed
as a function of generalised loads @; (namely, forces or
moments) then the partial derivative of the strain energy
with respect to generalised forces supplies the generalised
displacement ¢; (namely displacements and rotations with
respect to which the generalized forces work).

In equation form,

_ o
1T oQ,

where U is the strain energy.

1.7 Internal energy for the spatial straight beam

The linear density of the elastic potential (alternatively named internal)
energy for the spatial rectilinear beam may be derived as a function of
its cross section resultants, namely

dU Jm]Mg2 + J&MEI +2Je, MM, N2

— = + (1.37)
2
dl 2B (‘]55‘]7771 B Jén) 2EA
2GA 2GK, '
where
o A, J,,, Jee and Jg,, are the section area and moments of inertia,
respectively;

o K, is the section torsional stiffness (not generally equivalent to
its polar moment of inertia);
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Figure 1.9: A nonlinearly elastic (namely stiffening) structure; the
bending moment diagram is evaluated based on the beam portion
equilibrium in its deformed configuration. The complementary elas-
tic strain energy U* is plotted for a given applied load f or assumed
displacement 4§, alongside the elastic strain energy U.

e F and G are the material Young Modulus and Shear Modulus,
respectively; the material is assumed homogeneous, isotropic and
linearly elastic.

The shear energy normalized coefficients x,,X¢,X¢, are specific to
the cross section geometry, and may be collected from the expression
of the actual shear strain energy due to concurrent action of the S, , S¢
shear forces.

In cases of elastically nonlinear structures, the second Castigliano
theorem may still be employed, provided that the complementary elas-
tic strain energy U* is employed in place of the strain energy U, see Fig.

. The two energy terms are equal for linearly behaving structures.
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Chapter 2

Fundamentals of Finite
Element Method for
structural applications
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Figure 2.1: Quadrilateral elementary domain (a), and a representative
weight function (b).

2.1 Preliminary results

2.1.1 Interpolation functions for the quadrilateral do-
main

The elementary quadrilateral domain. A quadrilateral domain
is considered whose vertices are conventionally located at the (£1, £1)
oints of an adimensional (£,7) plane coordinate system, see Figure
Scalar values f; are associated to a set of nodal points P, =
[€,;,7,], which for the present case coincide with the quadrangle vertices,
numbered as in Figure.
A f(&,n) interpolation function may be devised by defining a set
of nodal influence functions N, (&, n) to be employed as the coefficients
(weights) of a moving weighted average

fEm =Y N(EnS; (2.1)

Requisites for such weight functions are:

e the influence of a node is unitary at its location, whereas the
influence of the others locally vanishes, i.e.

Ni(fjaﬂj) = 513’ (2-2>

where ¢, ; is the Kronecker delta function.
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o for each point of the domain, the sum of the weights is unitary

ZM(& n) =1, V[l (2.3)

Moreover, suitable functions should be continuous and straightfor-
wardly differentiable up to any required degree.

Low order polynomials are ideal candidates for the application; for
the particular domain, the nodal weight functions may be stated as

NiEn a6 0L, (24)

where sign ambiguity is resolved for each i-th node by enforcing Eqn.

The (@) combination of @ functions turns into a general linear
relation in (£,7n) with coplanar in the &, n, f space — but otherwise
arbitrary — nodal points.

Further generality may be introduced by not enforcing coplanarity.

The weight functions for the four-node quadrilateral are in fact
quadratic although incomplete® in nature, due to the presence of the
&n product, and the absence of any £2,71? term.

Each term, and the combined f(§,n) function, defined as in Eqn.

, behave linearly if restricted to & = const. or n = const. loci —
namely along the four edges; quadratic behaviour may instead arise
along a general direction, e.g. along the diagonals, as in Fig. b
example. Such behaviour is called bilinear.

We now consider the f(£,n) weight function partial derivatives.
The partial derivative

- (52) () () () - 09

[Af/Ag], Ni1+N; [Af/Ag],, Ns+Nj

linearly varies from the incremental ratio value measured at the n = —1
lower edge, to the value measured at the 7 = 1 upper edge; the other
partial derivative

- (55) (59 (552) () s o

Yor, equivalently, enriched linear, as discussed above and in the following
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behaves similarly, with ¢ = a. However, partial derivatives in &,n
remain constant along the corresponding differentiation direction B.

The general quadrilateral domain. The interpolation functions
introduced above for the natural quadrilateral may be profitably em-
ployed in defining a coordinate mapping between a general quadrangu-
lar domain — see Fig. a — and its reference counterpart, see Figures
@ and @b.

In particular, we first define the &, — x, coordinate mapping for
the four verticest alone, where &, 7 are the reference (or natural, or
elementary) coordinates and x,y are their physical counterpart.

Then, a mapping for the inner points may be derived by interpola-
tion, namely

x=m(€)=> N;(¢)x; (2.7)

4
=1

The availability of an inverse m ~! : x — € mapping is not granted; in
particular, a closed form representation for such inverse is not generally
available®.

In the absence of an handy inverse mapping function, it is conve-

nient to reinstate the interpolation procedure obtained for the natural
domain, i.e.

f(éan) (i:efZNz<§v77)fz (28)
K2
The four f;, nodal values are interpolated based on the natural &,n
coordinates of an inner P point, and not as a function of its physical
x,y coordinates, that are never promoted to the independent variable
role.
As already mentioned, the m mapping behaves linearly along 1 =const.
and £ =const. one dimensional subdomains, and in particular along
the quadrangle edgest; the inverse mapping m ~! exists along these line

2The relevance of such partial derivative orders will appear clearer to the reader
once the strain field will have been derived in paragraph XXX.

3The condensed notation £, = (£,,7,), x; = (z;,y;) for coordinate vectors is
employed. N

4For a given X physical point, however, Newton-Raphson iterations rapidly con-
verge to the £ = m ! (X) solution if the centroid is chosen for algorithm initial-
ization, see Section XXX

5see paragraph XXX
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P= (Z’P(g, U)ayp(fﬂi) [7 ZP(&?”)D

A
n4 " n3
| | 3
P=(n)
C |
Sp &
np| P
[ 3 dn
nl n2
d§
(b)

Figure 2.2: Quadrilateral general domain, (a), and its reference coun-
terpart (b). If the general quadrangle is defined within a spatial envi-
ronment, and not as a figure lying on the xy plane, limited z, offsets are
allowed at nodes with respect to such plane, which are not considered
in Figure.
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segments under the further condition that their length is nonzeroa, and
it is a linear function? . Being a composition of linear functions, the
interpolation function f(m ~!(x,y)) is also linear along the aforemen-
tioned subdomains, and in particular along the quadrangle edges.
The directional derivatives of f with respect to x or y are obtained

based the indirect relation
on

The function derivatives with respect to &, are obtained as

of oN;
[3?] =y [aaz{i] fi- (2.10)

on i on

The transposed Jacobian matrix of the mapping function that appears
in is

JEn =15 & (2.11)
on On
:Z N, | TiT |y oN.|Yi (2.12)
i on on

If the latter matrix is assumed nonsingular — condition, this, that
pairs the bijective nature of the m mapping, equation may be
inverted, thus leading to the form

i

of T % R N
[(%ﬂ:@,) [ 5 ] i) (2.13)

Z

on

6The case exists of an edge whose endpoints are superposed, i.e. the edge col-
lapses to a point.

7A constructive proof may be defined for each edge by retrieving the non-uniform
amongst the &, n coordinates, namely A, as the ratio

(g —z)(x; — ;) + (Yo — ¥:)(¥; — ¥s)
(x;—x)* + (y; —v:)?
where @Q is a generic point along the edge, and 4,5 are the two subdomain endpoints

at which A\ equates —1 and +1, respectively. A similar function may be defined for
any constant £, n segment.

A=2

_1’
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where the inner mechanics of the matrix-vector product are appointed
for the Eq. summation.

2.1.2 Gaussian quadrature rules for some relevant do-
mains.

Reference one dimensional domain. The gaussian quadrature
rule for approximating the definite integral of a f(£) function over
the [—1, 1] reference interval is constructed as the customary weighted
sum of internal function samples, namely

/ f(e f(&) wy: (2.14)

Its peculiarity is to employ location-weight pairs (£;,w;) that are
optimal with respect to the polynomial class of functions. Nevertheless,
such choice has revealed itself to be robust enough for for a more general
employment.

Let’s consider a m-th order polynomial

p(€) & a, ™ + ay, 6™+ 4 a &+ ag

whose exact integral is

[ wode=> S,

-1 =0

The integration residual between the exact definite integral and the
weighted sample sum is defined as

1

< a;, fz? 7, defzp ‘Sz w; _/ (g)df (215)

-1

The optimality condition is stated as follows: the quadrature rule
involving n sample points (§;,w,;), ¢ = 1...n is optimal for the m-
th order polynomial if a) the integration residual is null for general
a; values , and b) such condition does not hold for any lower-order
sampling rule.

Once observed that the zero residual requirement is satisfied by any
sampling rule if the polynomial a; coeflicients are all null, condition
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a) may be enforced by imposing that such zero residual value remains
constant with varying a; terms, i.e.

or (aj, (&, wl))
Oa

=0, 7=0..m (2.16)
J
A system of m + 1 polynomial equations of degree m — 1 is hence
obtained in the 2n (§;,w;) unknowns; in the assumed absence of re-
dundant equations, solutions do not exist if the constraints outnumber
the unknowns, i.e. m > 2n — 1. Limiting our discussion to the thresh-
old condition m = 2n—1, an attentive algebraic manipulation of Eqns.
D.16 may be performed in order to extract the (&;,w,;) solutions, which
are unique apart from the pair permutationst.

Eqns. & solutions are reported in Table for quadrature rules
with up to n = 4 sample pointsH.

It is noted that the integration points are symmetrically distributed
with respect to the origin, and that the function is never sampled at
the {—1,1} extremal points.

8 In this note, location-weight pairs are obtained for the gaussian quadrature
rule of order n = 2, aiming at illustrating the general procedure. The general
m = 2n — 1 = 3rd order polynomial is stated in the form

1

PO =€+ 0y +ar+ap, [ pEAE= S0+ 2a,,
1

whereas the integral residual is
2
r=as (wlg? + w2£§)+a2 <w1§% + wzgg - §>+a’1 (w1&1 + waés)+ag (wy +wy —2)

Eqns may be derived as

0= aaTLs =w, &5 + wy&3

(e1)
=2 =w EF w63 -2 (ey)
(e3)
(e4)

day
= ar =w;§; +wyé,
Oza—zwl +wy —2

QD
o

which are independent of the a; coefficients.

By composing (e; — £3e5) /(wy€,) it is obtained that €5 = £%; e, may then be
written as (w; + w,)€2 = 2/3, and then as 2£7 = 2/3, according to e,. It derives
that £ , = +1/4/3. Due to the opposite nature of the roots, e; implies w, = wy,
relation, this, that turns e, into 2w, = 2w, = 2, and hence w; , =1 .

9see https://pomax.github.io/bezierinfo/legendre-gauss.html for higher
order gaussian quadrature rule sample points.
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n & w;
0 2
1

3
+VE g

e
338 R0

Table 2.1: Integration points for the lower order gaussian quadrature
rules.

General one dimensional domain. The extension of the one di-
mensional quadrature rule from the reference domain [—1, 1] to a gen-
eral [a,b] domain is pretty straightforward, requiring just a change of
integration variable to obtain the following

/f b—a/zf<b—l2—a+b—a)d€7

b2azn:f<b+a ;(zgi)wi'

=1

Reference quadrangular domain. A quadrature rule for the ref-
erence quadrangular domain of Figure @a may be derived by nestin
the quadrature rule defined for the reference interval, see Eqn. @
thus obtaining

q
//ffndﬁdnfvz f(&m)waw, — (217)
1

=1 5=

where (§;,w;) and (n;,w;) are the coordinate-weight pairs of the two
quadrature rules of p and ¢ order, respectively, employed for spanning
the two coordinate axes. The equivalent notation

//f(@n)dgdanf(&l)wl (2.15)
-1 J-1 =1
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emphasises the characteristic nature of the pg point/weight pairs for
the domain and for the quadrature rule employed; a general integer
bijectionE {1..pq} < {1...p} x{1...q}, | ¢+ (4,j) may be utilized to
formally derive the two-dimensional quadrature rule pairs

éz = (fiyﬁj), Wy = w;wy, I=1..pq (2-19)

from their uniaxial counterparts.

General quadrangular domain. The rectangular infinitesimal area
dAg, = d&dn in the neighborhood of a 1 p location, see Figure @b,
is mapped to the quadrangle of Figure R.2a, which is composed by the
two triangular areas

1 1 x(fP yNp ) y(§P yNp )
dA,, = 51 1 z(§p+d§np ) y(€p+dinp )|+
zp nptdn) y(Ep  np+dn)
1 L x(p+d§np+dn) y(p+d§np+dn)
to |t e mptdn) y(Ep  nptdn)|. (2.20)
1oz (Ep+dnp ) y(Ept+dnp )

The determinant formula for the area of a triangle, shown below along
with its n-dimensional symplex hypervolume generalization,

1 x4
1 Lo o 111 X
A:§1%g&,%:j_ =2 (2.21)
. n:|: .
! s Us 1 Xn+1

has been employed above.

10 ¢.g.

{i-1j-1}=(1-1)mod(p,q), l-1=(G—-1)g+(i—1)
where the operator
{a,;...;a5;a5;a,} =mmod (b,,, ..., by, by, by)

consists in the extraction of the n least significant a,; digits of a mixed radix repre-
sentation of the integer m with respect to the sequence of b, bases, with ¢ = 1...n.
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By operating a local multivariate linearization of the m matrix
terms, the relation

1 1 x Y
dA,, ~ a1 1 x4z df y+ydEl+
1zt ,dn y+y ,dn
1 1 24z dl+x,dy y+ydE+y ,dn
—1—5 1 T+ ,dn y+y ,dn
1 T4z d§ Yty ed§

is obtained, where x,y,z ¢,% ,,,y ¢, and y , are the z,y functions and
their first order partial derivatives, sampled at the ({p,np) point; in-
finitesimal terms of order higher than d¢, dn are neglected.

After some matrix manipulations=, the following expression is ob-
tained

1 0 0
Te Y
dA,, =10 =, y,|dédny= ‘xf £ldA, (2.22)
0 x,”r] y’n 5N 5N

——
[JT(Epsmp)l

that equates the ratio of the mapped and of the reference areas to the
determinant of the transformation (transpose) Jacobian matrix®.
After the preparatory passages above, we obtain

// g(xyy)dAwy=// g(x(&n),y(&n)|J(Emn)|dédn, (2.23)
A, —1

thus reducing the quadrature over a general domain to its reference
domain counterpart, which has been discussed in the paragraph above.

1 For both the determinants, the first column is multiplied by = and subtracted
to the second column, and then subtracted to the third column once multiplied by
yp. The first row is then subtracted to the others. On the second determinant
alone, both the second and the third columns are changed in sign; then, the second
and the third rows are summed to the first. The two determinants are now formally
equal, and the two 1/2 multipliers are summed to provide unity. The d€ and the
dn factors may then be collected from the second and the third rows, respectively.

2The Jacobian matrix for a general £ + x mapping is in fact defined according
to

Mle=ep
being ¢ the generic matrix term row index, and j the column index
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Based on Eqn. , the quadrature rule

//A 9(x)dA,, ~ D g (x (€))[J(€0)] w (2.24)

=1

is derived, stating that the definite integral of a g integrand over a
quadrangular domain pertaining to the physical z,y plane (z,y are di-
mensional quantities, namely lengths) may be approximated as follows:

1. a reference-to-physical domain mapping is defined, that is based
on the vertex physical coordinate interpolation;

2. the function is sampled at the physical locations that are the
images of the Gaussian integration points previously obtained
for the reference domain;

3. a weighted sum of the collected samples is performed, where the
weights consist in the product of i) the adimensional w; Gauss
point weight (suitable for integrating on the reference domain),
and ii) a dimensional area scaling term, that equals the determi-
nant of the transformation Jacobian matrix, locally evaluated at
the Gauss points.
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2.2 Basic theory of plates

P displacement components as a function of the Q reference point mo-
tion.

up=u+z(l+€,)sin¢g (2.25)
vp=v—2z(14¢€,)sind (2.26)
wp=w+2z((1+¢€,)cos(¢)cos(f) —1) (2.27)

€(z) = 1/Z €,ds (2.28)
0
1 z
== —ve,, — e, ) d 2.29
/0 ( @ y) S ( )

P displacement components as a function of the Q reference point
motion, linarized with respect to the small rotations and small strain
hypotheses.

up =u+ z¢ (2.30)
vp=v— 20 (2.31)
wp =w (2.32)

Relation between the normal displacement z,y gradient (i.e. the
deformed plate slope), the rotations and the out-of-plane, interlaminar,
averaged shear strain components.

ow
— =~ —_ 2
ow

— 5 2.34
3y Vyz+0 (2.34)

Strains at point P.
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undeformed deformed S(142)
config. config. z
A <> dw
z - ox
-
T w
h/2+o 2 { —o
| ——
h/2—o ) _z2¢
zzx, 1 y plane U
A
z
)
h/2+ o0 p Z
h/2—o ) 120
vp "
yz, L x plane v

Figure 2.3: Relevant dimensions for describing the deformable plate
kinematics.
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Oup Ou o
=—=— — 2.35
Ca ox ox + T (2:35)
Oovp Ov 00
=—=——2z— 2.36
YT oy oy oy (2:36)
8UP 8’UP
=— 4+ —— 2.37
Yeu = 3, ¥ on (2.37)
ou  Ov dp 00
==+ - - — 2.38
<8y+8x>+z<+8y 895) ( )
Generalized plate strains: membrane strains.
P €
€= g =1 &, (2.39)
gu+ g o
Generalized plate strains: curvatures.
9
+ 9% o
kK = —42 =1 &, (2.40)
o)
oy o Ry
Compact form for the strain components at P.
€ =€ +2K (2.41)

Hook law for an isotropic material, under plane stress conditions.

1 v 0
D = E (1/ 1 0 ) (2.42)

1—v2

Normal components for stress and strain, the latter for the isotropic
material case only.

o,=0 (2.43)
e, =—v(e, +e€,) (2.44)

Stresses at P.
cd=De=De+z2Dk (2.45)
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(c) (d)

Figure 2.4:  Positive x,, torsional curvature for the plate element.
Subfigure (a) shows the positive 7, shear strain at the upper surface,
the (in-plane) undeformed midsurface, and the negative v, at the
lower surface; the point of sight related to subfigures (b) to (d) are also
evidenced. 6 and ¢ rotation components decrease with z and increase
with y, respectively, thus leading to positive x,, contributions. As
shown in subfigures (c¢) and (d), the torsional curvature of subfigure (b)
evolves into two anticlastic bending curvatures if the reference system
is aligned with the square plate element diagonals, and hence rotated

by 45° with respect to z.

40



“dispensa_ 2018 _master” — 2018/4/5 — 13:55 — page 41 — #41

Membrane (direct and shear) stress resultants (shear flows).

Iz
q:( qy ):/Gdz (2.46)

= | Ddze + / Dzdzk (2.47)
R

mx
m = m, = / odz (2.48)
Mgy h
= [ Dzdze + / Dz22dzk (2.49)
h h
B=B" c

Cumulative generalized strain - stress relations for the plate (or for

the laminate)
a\_( A B
m ) \BY C

Hook law for the orthotropic material in plane stress conditions,
with respect to principal axes of orthotropy;

) (2.50)

|Z leni

E

1 vy, By 0
1*1’1%V21 1"%2”21
Digy = | -2a2Ez 2 2.51
=123 1-vq5v9 1-vq5v9, 0 ( 5 )
0 0 Gy

I

01
02 ==
T12

where

O €1 €z
Ty V12 Yay
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m?  n? 2mn
T, = n? m?  —2mn (2.53)
—mn mn m?2—n?
m? n? mn
T, = n? m? —mn (2.54)

—2mn 2mn m?2—n?

« is the angle between 1 and x;
m = cos(a) n = sin(a) (2.55)

The inverse transformations may be obtained based on the relations

Tit(+a)=T;(-a) Tyt (+a) = Ty(—a) (2.56)
Finally

g=De D=D,,.=T7'D1y37T, (2.57)
Notes:

e Midplane is ill-defined if the material distribution is not symmet-
ric; the geometric midplane (i.e. the one obtained by ignoring the
material distribution) exhibits no relevant properties in general.
Its definition is nevertheless pretty straighforward.

o If the unsimmetric laminate is composed by isotropic layers, a
reference plane may be obtained for which the B membrane-to-

bending coupling matrix vanishes; a similar condition may not
be verified in the presence of orthotropic layers.

e Thermally induced distortion is not self-compensated in an un-
symmetric laminate even if the temperature is held constant
through the thickness.
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2.3 The bilinear isoparametric shear-deformable
shell element

Once gathered the required algebraic paraphernalia, the definition of a
bilinear quadrilateral shear-deformable isoparametric shell element is
straightforward.

The quadrilateral element geometry is defined by the position in
space of its four vertices, named nodes; a global reference system
OXY Z is employed for dealing with multiple elements (i.e. at a whole
model scale), whereas a more convenient, local ozyz reference system
is used when a single element is under scrutiny — e.g. in the current
paragraph.

A function that interpolates along the quadrilateral domain the
values a _given quantity assumes at nodes has been introduced in para-
graph ; such function depends on the normalized coordinate pair
&, nm € [—1,1] that spans the elementary quadrilateral of Figure @p

The element degrees of freedom consist in the displacements and
the rotations of the four quadrilateral vertices, named nodes.

This is a four-node, thick-shell element with global displace-
ments and rotations as degrees of freedom. Bilinear inter-
polation is used for the coordinates, displacements and the
rotations. The membrane strains are obtained from the
displacement field; the curvatures from the rotation field.
The transverse shear strains are calculated at the middle
of the edges and interpolated to the integration points. In
this way, a very efficient and simple element is obtained
which exhibits correct behavior in the limiting case of thin
shells. The element can be used in curved shell analysis
as well as in the analysis of complicated plate structures.
For the latter case, the element is easy to use since connec-
tions between intersecting plates can be modeled without
tying. Due to its simple formulation when compared to the
standard higher order shell elements, it is less expensive
and, therefore, very attractive in nonlinear analysis. The
element is not very sensitive to distortion, particularly if
the corner nodes lie in the same plane. All constitutive
relations can be used with this element.
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Chapter 3

Miscellaneous
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Figure 3.1: An overview of symmetrical and skew-symmetrical (gener-
alized) loading and displacements.

3.1 Symmetry and skew-symmetry conditions

Symmetric and skew-symmetric loading conditions are mostly rele-
vant for linearly-behaving systems; a nonlinear system may develop
an asymmetric response to symmetric loading (e.g. column buckling).

Figure collects symmetrical and skew-symmetrical pairs of vec-
tors and moment vectors (moments); those (generalized) vectors are
applied at symmetric points in space with respect to the reference
plane. Normal and parallel to the plane vectors are considered, that
may embody the same named components of a general vector.

The pair members may be moved towards the reference plane up
to a vanishing distance €; a point on the reference plane coincides with
its image. In the case different (in particular, opposite and nonzero)
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Figure 3.2: The doweled sphere - slotted cylinder joint, which is asso-
ciated to the skew-symmetry constraint. In this particular application,
the cylindrical guide may be considered as grounded.

field vectors are associated to the two coincident pair members, single
valuedness does not hold at the reference plane; such condition deserves
an attentive rationalization whenever a physical field (displacement
field, applied force field, etc.) is to be represented.

Those vector and moment pairs may represent generalized forces
(both internal and external) and displacements.

The * (generalized) displacement components may induce material
discontinuity at points laying on the [skew-]symmetry plane, if nonzero.
They have to be constrained to zero value at those points, thus intro-
ducing [skew-]symmetry constraints.

These constraints act in place of the portion of the structure that is
omitted from our model, since the results for the whole structure may
be derived from the modeled portion alone, due to [skew-]symmetry.

In case of symmetry, a constraint equivalent to a planar joint is
to be applied at points laying on the symmetry plane for ensuring
displacement /rotation continuity between the modeled portion of the
structure, and its image. In case of skew-symmetry, a constraint equiv-
alent to a doweled sphere - slotted cylinder joint (see Figure B.1)), where
the guide axis is orthogonal to the skew-symmetry plane, is applied at
the points belonging to the intersection between the deformable body
and the plane.

The ¢ internal action components are null at points pertaining
to the [skew-]symmetry plane, since they would otherwise violate the
action-reaction law. The complementary { internal action components
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are generally nonzero at the [skew-|symmetry plate.

The t external action components are not allowed at points along
the [skew-]symmetry plane; instead, the complementary ¢ generalized
force components are allowed, if they are due to external actions.

In the case of a symmetric structure, generally asymmetric applied
loads may be decomposed in a symmetric part and in a skew-symmetric
part; the problem may be solved by employing a half structure model
for both the loadcases; the results may finally be superposed since the
system is assumed linear.

3.2 Periodicity conditions

TODO, if needed.
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